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Abstract
Recently it is shown that the Bekenstein–Hawking entropy for black holes receives logarithmic corrections due to thermodynamic fluctuations.
Schwarzschild black hole which possesses a negative specific heat is thermodynamically unstable, so the entropy corrections cannot be obtained
directly. In this Letter, Schwarzschild black hole will be put in the center of a spherical cavity of finite radius to achieve equilibrium with
surroundings, so that a thermodynamically stable solution is obtained based on a uniformly spaced area spectrum approach. Our conclusion show
that there are two correction terms for Schwarzschild black holes. The sign of the second correction term depends on the size of the cavity.
© 2008 Elsevier B.V. All rights reserved.
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It is known that the black hole entropy can be expressed as
SBH = A4 by the Bekenstein–Hawking area law [1,2], where
A is the cross-sectional area (in Planck units) of the black hole
horizon. Recently there is much interest in calculating the quan-
tum and thermal corrections with a leading-order that is propor-
tional to lnSBH. Many excellent works have been done to fix
the prefactor of the correction term based on different models
[3–10].
All of the works can be sorted into two parts: quantum cor-
rections and thermal corrections for black hole entropy. Several
excellent methodologies have been used to calculate the quan-
tum corrections to black hole entropy such as Hamiltonian par-
tition functions [11], loop quantum gravity, near-horizon sym-
metries [12] and so on. From the thermodynamic viewpoint,
nothing can cross the horizon under the condition of isolated
horizon boundary, then the thermal fluctuations are forbidden
to the horizon areas in this frame, so a canonical entropy which
allows thermal fluctuations is more appropriate to study the log-
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entropy [13].
It is shown that Schwarzschild black hole will be never in
thermal equilibrium, for it has a negative specific heat, so the
entropy and thermodynamic quantities of Schwarzschild black
hole are not well-defined. We put the black hole in a cavity of
finite radius by immersing it in an isothermal bath, then the ther-
mal equilibrium will be achieved between the black hole and the
surroundings. We adopt a uniformly spaced area spectrum [14]
which was described by Bekenstein and others in their litera-
ture [1]. It is pointed out in [15] that one has for a local observer
at rest a local temperature that depends upon the position of
the observer. According to a canonical boundary condition, we
find two or no solutions may be obtained. The larger mass solu-
tion corresponds to a positive specific heat while the lower has
the negative [15,16]. In this Letter, we consider the corrections
to the Schwarzschild black hole with the larger mass solution
based on a uniformly spaced area spectrum approach. We use
units in which G = c = h¯ = kB = 1.
2. Canonical entropy
Since we put the black hole into a cavity of finite size to keep
thermodynamic equilibrium, we employ the canonical ensem-
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corrections to black hole entropy rather than microcanonical en-
semble. The canonical partition function of a classical system
in equilibrium can be written as
(1)ZC(β) =
∑
n
gn(E) exp
(−βE(n)),
where gn(E) is the degeneracy for the area spectrum, β is the
inverse of temperature for the heat bath and n is a quantum
number. Now we employ a spaced area spectrum: A(n) ∼ n
(n = 0,1,2, . . .) which was first advocated in [1,2]. It also can
be take the form S(n) ∼ n (n = 0,1,2, . . .) based on black hole
area law.
In general, gn(E) ∝ expSMC(E), so we get
(2)lngn = n,
where  is a positive, dimensionless parameter of the order
unity. The partition function can be written as
(3)ZC(β) =
∞∫
0
dn exp
(−βE(n) + n).
The thermodynamic energy E(n) can be Taylor-expanded
around the average equilibrium n0
E(n) = E(n0) + (n − n0)E′(n0)
(4)+ 1
2
(n − n0)2E′′(n0) + · · · .
Substituting Eq. (4) into Eq. (3), after a series of complicated
calculation, it is showed in [14] that
(5)SC ≈ SBH − 12 ln
(
βE′′0
)
.
In order to investigate the entropy corrections for Schwarz-
schild black hole, we introduce Schwarzschild black hole met-
ric here:
ds2 = −
(
1 − 2M
r
)−1
dt2 +
(
1 − 2M
r
)
dr2
(6)+ r2(dθ2 + sin θ2 dϕ2).
The specific heat of Schwarzschild black hole is C = ∂M
∂T
=
−8πM2, which is negative apparently. Followed the idea men-
tioned above, we put the black hole in the center of a cavity
with the radius r to receive a positive specific heat.
It is pointed out in [15] that a local temperature for a local
observer depends on the observer’s position, so Schwarzschild
black hole with mass M at the center of the cavity possesses
temperature T as the following form:
(7)T (r) ≡ T = 1
β
= (8πM)−1
(
1 − 2M
r
)− 12
,
according to Hawking’s result.
If the radius of the cavity and temperature are fixed, we can
take M as the variable for the above equation. Eq. (7) can be
written as the following form:
(8)M3 − 1 rM2 + rβ
2
2 = 0.2 128πIn fact, there are two or no black hole solutions for above equa-
tion. One finds that if and only if
(9)rT 
√
27
8π
,
the roots of Eq. (8) will be real and positive, otherwise there
is no solution for Schwarzschild black hole. The exact real and
positive solutions are given by
(10)M1 = r6
[
1 − 2 cos
(
α
3
+ π
3
)]
,
(11)M2 = r6
[
1 + 2 cos
(
α
3
)]
,
where
(12)cosα = 1 − 27
2
(
β
4πr
)2
.
We can see the larger solution takes value within the closed
interval r[ 13 , 12 ], while the lower solution is bounded in interval
r[0, 13 ].
The larger mass solution has a positive specific heat while
the lower solution corresponds to the negative, so the radius
of the cavity is limited within the closed interval [2M,3M] to
keep locally thermodynamically stable.
It is shown in [15] the Euclidean action of the solution for
Schwarzschild black hole is
(13)I = 12πM2 − 8πMr + βr.
Because action is regarded as the function of R and T , then the
thermodynamic energy can be obtained
(14)E =
(
∂I
∂β
)
A
= r − r
(
1 − 2M
r
) 1
2
,
(15)S = β
(
∂I
∂β
)
A
− I = 4πM2,
where A = 4πr2 is the surface area of the Schwarzschild black
hole. Eq. (15) shows that the entropy of the black hole is unaf-
fected by the presence of the cavity.
Based on Eqs. (2) and (15), we can take n as the function
of M . According to Eq. (14), we can make the following calcu-
lation:
E′0 =
(
∂E
∂n
)
A
=
(

∂E
∂M
)/( ∂S
∂M
)
A
(16)= (8πM)−1
(
1 − 2M
r
)− 12
.
The value of above equation just is the temperature T . The fur-
ther calculation indicates that
E′′0 =
(
∂E′
∂n
)
A
=
(

∂E′
∂M
)/( ∂S
∂M
)
A
(17)
= 2(8πM)−2
[
1
r
(
1 − 2M
r
)− 32 − 1
M
(
1 − 2M
r
)− 12 ]
.
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(18)SC ≈ SBH − 12 ln
[
3M − r
8πM2(r − 2M)
]
,
after a series of calculation. If and only if 2M  r  3M , which
is consistent with the closed interval r[ 13 , 12 ] for the larger so-
lution of Schwarzschild black hole, Eq. (18) is valid. Based on
Eq. (15), the above equation can be written as the following
form:
(19)SC ≈ SBH + 12 lnSBH −
1
2
ln
3M − r
2(r − 2M).
We find that there are two correction terms for Schwarzschild
black hole entropy. After a simple calculation, we show that the
second correction term is negative when 2M < r < 73M , while
it is positive when 73M < r < 3M . In other words, the sign of
the second correction term depends on the size of the cavity.
3. Conclusion
In this Letter we calculate the logarithmic corrections of
thermal fluctuations on the entropy for Schwarzschild black
hole. Since Schwarzschild black hole is never in thermal equi-
librium, we enclose the black hole in a bounded cavity of finite
size to achieve thermal equilibrium. Our conclusion show that
there are two logarithmic correction terms for Schwarzschild
black hole. The first correction term is positive while the sign
of the second is unfixed. The condition 2M < r < 73M corre-
sponds to the positive sign of second term, while 73M < r < 3Mrelates to the negative. The total sign of the two correction terms
is determined by the size of the cavity. When the radius of
the cavity approaches 3M , the total correction term is positive,
while it is negative if the cavity is close to the horizon.
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